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Quasi-Ferromagnet Spintronis in Graphene Nanodisk-Lead System
Motohiko Ezawa
Department of Applied Physis, University of Tokyo, Hongo 7-3-1, 113-8656, Japan
A zigzag graphene nanodisk an be interpreted as a quantum dot with an internal degree of
freedom. It is well desribed by the innite-range Heisenberg model. We have investigated its ther-
modynamial properties. There exists a quasi-phase transition between the quasi-ferromagnet and
quasi-paramagnet states, as signaled by a sharp peak in the spei heat and in the suseptability.
We have also analyzed how thermodynamial properties are aeted when two leads are attahed
to the nanodisk. It is shown that lead eets are desribed by the many-spin Kondo Hamiltonian.
There appears a new peak in the spei heat, and the multipliity of the ground state beomes just
one half of the system without leads. Another lead eet is to enhane the ferromagneti order. Be-
ing a ferromagnet, a nanodisk an be used as a spin lter. Furthermore, sine the relaxation time is
nite, it is possible to ontrol the spin of the nanodisk by an external spin urrent. We then propose
a rih variety of spintroni devies made of nanodisks and leads, suh as spin memory, spin amplier,
spin valve, spin-eld-eet transistor, spin diode and spin logi gates suh as spin-XNOR gate and
spin-XOR gate. Graphene nanodisks ould well be basi omponents of future nanoeletroni and
spintroni devies.
I. INTRODUCTION
Graphene nanostruture
1,2,3
has attrated muh at-
tention for its potential for future appliation in nano-
eletronis and spintronis. In partiular, in graphene
nanoribbons
4,5,6,7,8,9,10
the low-energy bands are almost
at at the Fermi level due to the edge states. Suh a
peuliar band struture has motivated many researhers
to investigate their eletroni and magneti properties.
Another basi element of graphene derivatives is a
graphene nanodisk
11,12,13,14,15,16,17
. It is a nanometer-
sale disk-like material whih has a losed edge. There
are many type of nanodisks, where typial examples are
displayed in Fig.1. Among them, the trigonal zigzag nan-
odisk is prominent in its eletroni and magneti prop-
erties beause there exist N -fold degenerated half-lled
zero-energy states when its size is N . Furthermore, spins
make a strong ferromagneti order due to the exhange
interation as large as the Coulomb interation
12
, and
hene the relaxation time is nite but quite large even if
the size N is very small. We have alled suh a system
quasi-ferromagnet
12
.
In this paper we make a further study of quasi-
ferromagnet by exploring thermodynamial properties of
the nanodisk-spin system. The system is well desribed
by the innite-range Heisenberg model. A nanodisk is
interpreted as a quantum dot with an internal degree of
freedom. It is exatly solvable. Construting the par-
tition funtion, we alulate the spei heat, the en-
tropy, the magnetization and the suseptibility. We nd
a sharp peak in the spei heat and in the suseptibility,
whih is interpreted as a quasi-phase transition between
the quasi-ferromagnet and quasi-paramagnet states.
We then investigate a nanodisk-lead system, where
the lead is made of a zigzag graphene nanoribbon or an
ordinary metalli wire. (We refer to it as a graphene
lead or a metalli lead for brevity.) We perform the
Shrieer-Wol transformation to derive the many-spin
Kondo Hamiltonian desribing the lead eets. Con-
FIG. 1: Basi ongurations of typial graphene nanodisks.
(a) Benzene. (b) Trigonal zigzag nanodisk (phenalene). ()
Trigonal armhair nanodisk (triphenylene). (d) Hexagonal
zigzag nanodisk (oronene). (e) Hexagonal armhair nanodisk
(hexa benzooronene)
18
.
struting the partition funtion, we analyze thermody-
namial properties. There appears a new peak in the
spei heat but not in the suseptibility for small size
nanodisks, N . 10. Near the peak the internal energy is
found to derease. We show in the instane of the metal-
li lead that the band width of free eletrons in the lead
beomes narrower due to the Kondo oupling. We inter-
pret this phenomenon to mean that some free eletrons
in the lead are onsumed to make spin oupling with ele-
trons in the nanodisk. Furthermore, the multipliity of
the ground state beomes just one half of that in the sys-
tem without leads. They are indiations of Kondo eets
due to the Kondo interation between eletrons in the
lead and the nanodisk.
With respet to the ferromagneti order, we nd that
the lead eet is to enhane the order. This is an impor-
tant property to fabriate spintroni iruits by onnet-
ing leads to nanodisks in nanodevies. Being a ferromag-
net, a nanodisk an be used as a spin lter. Furthermore,
sine the relaxation time is nite, it is possible to on-
trol the spin of the nanodisk by an external spin urrent.
We propose a rih variety of spintroni devies made of
nanodisks and leads, suh as spin memory, spin amplier,
spin valve, spin-eld-eet transistor, spin diode and spin
logi gates suh as spin-XNOR gate and spin-XOR gate.
Graphene nanodisks ould well be basi omponents of
2FIG. 2: (a) Geometri onguration of trigonal zigzag nan-
odisks. It is onvenient to introdue the size parameter N in
this way. The 0-trigonal nanodisk onsists of a single Ben-
zene, and so on. The number of arbon atoms are related as
N
C
= N2 + 6N + 6. (b) Density of states of the N-trigonal
nanodisk for N = 0, 1, 2, · · · , 7. The horizontal axis is the
size N and the vertial axis is the energy ε(N) in units of
t = 2.7eV. Dots on olored bar indiate the degeneray of
energy levels.
future nanoeletroni and spintroni devies.
This paper is organized as follows. In Se.II, we sum-
marize the basi notion of trigonal zigzag nanodisks. The
low-energy physis is desribed by eletrons in the N -
fold degenerated zero-energy setor, whih form a quasi-
ferromagnet due to large exhange interations. We also
analyze thermodynamial properties of the nanodisk-spin
system. In Se.III, we derive the many-spin Kondo
Hamiltonian by the Shrieer-Wol transformation in the
nanodisk-spin system oupled with graphene leads and
also metalli leads. The partition funtion is alulated
in the two steps. First, we perform a funtional inte-
gration over the lead-eletron degree of freedom. Se-
ond, we sum up over the nanodisk-spin degree of free-
dom. We then analyze thermodynamial properties of
the nanodisk-lead system. In Se.IV, we propose some
spintronis devies made of nanodisks and leads.
II. NANODISK QUASI-FERROMAGNETS
A. Zero-Energy Setor
We alulate the energy spetra of graphene deriva-
tives based on the nearest-neighbor tight-binding model,
whih has been suessfully applied to the studies of ar-
bon nanotubes and nanoribbons. The Hamiltonian is
dened by
H =
∑
i
εic
†
i ci +
∑
〈i,j〉
tijc
†
i cj, (2.1)
where εi is the site energy, tij is the transfer energy, and
c†i is the reation operator of the pi eletron at the site
i. The summation is taken over all nearest neighbor-
ing sites 〈i, j〉. Owing to their homogeneous geometrial
onguration, we may take onstant values for these en-
ergies, εi = εF and tij = t ≈ 2.70eV. Then, the diagonal
term in (2.1) yields just a onstant, ε
F
N
C
, where N
C
is
the number of arbon atoms in the system. The Hamil-
tonian (2.1) yields the Dira eletrons for graphene
1,2,3
.
There exists one eletron per one arbon and the band-
lling fator is 1/2. It is ustomary to hoose the zero-
energy level of the tight-binding Hamiltonian (2.1) at this
point so that the energy spetrum is symmetri between
the positive and negative energy states. Therefore, the
system is metalli provided that there exists zero-energy
states in the spetrum. A omment is in order. It is
understood that arbon atoms at edges are terminated
by hydrogen atoms. We arry out the alulation
5,12
to-
gether with this ondition.
It is straightforward to derive the energy spetrum Ei
together with its degeneray gi for eah nanodisk by di-
agonalizing the Hamiltonian (2.1). The density of state
is given by
D (ε) =
N
C∑
i=1
giδ (ε− Ei) . (2.2)
We have found that the emergene of zero-energy states is
surprisingly rare. Among typial nanodisks, only trigonal
zigzag nanodisks have degenerate zero-energy states and
show metalli ferromagnetism. As an example we display
the density of state (2.2) of trigonal zigzag nanodisks in
Fig.2. We have lassied them by the size parameter N
as dened in Fig.2(a), in terms of whih the number of
arbons is given by N
C
= N2 + 6N + 6.
The size-N nanodisk has N -fold degenerated zero-
energy states, where the gap energy is as large as a
few eV. Hene it is a good approximation to investigate
the eletron-eletron interation physis only in the zero-
energy setor, by projeting the system to the subspae
made of those zero-energy states. The zero-energy setor
onsists of N orthonormal states |fα〉, α = 1, 2, · · · , N ,
together with the SU(N) symmetry. We an expand the
wave funtion of the state |fα〉 as
fα(x) =
∑
i
ωαi ϕi(x), (2.3)
where ϕi(x) is the Wannier funtion loalized at the site
i. The amplitude ωαi is alulable by diagonalizing the
Hamiltonian (2.1). All of them are found to be real. It
is intriguing that one of the wave funtions is entirely lo-
alized on edge sites for the nanodisk with N =odd, as in
Fig.3, where the solid (open) irles denote the amplitude
ωi are positive (negative). The amplitude is proportional
to the radius of irle. Suh a wave funtion does not ex-
ist for the nanodisk with N =even.
B. Coulomb Interations
We inlude the Coulomb interation between eletrons
in the zero-energy setor
15
. It is straightforward to
rewrite the Coulomb Hamiltonian as H
D
= H
S
+ H
U
3FIG. 3: The zero-energy states of the trigonal nanodisk with
size N = 5. There are 5 degenerate states. The solid (open)
irles denote the amplitude ωi are positive (negative). The
amplitude is proportional to the radius of irle. Eletrons
are entirely loalized on edges in one of the states.
with
H
S
=− 2
∑
α>β
JαβS(α) · S(β), (2.4a)
H
U
=
∑
α>β
(
Uαβ −
1
2
Jαβ
)
n (α)n (β) +
∑
α
Uααn (α) ,
(2.4b)
where Uαβ and Jαβ are the Coulomb energy and the ex-
hange energy between eletrons in the states |fα〉 and
|fβ〉. Here, n (α) is the number operator and S(α) is the
spin operator,
n (α) =
∑
σ
d†σ(α)dσ(α), (2.5a)
S(α) =
1
2
∑
σσ′
d†σ(α)τ σσ′dσ′ (α), (2.5b)
with dσ(α) the annihilation operator of eletron with spin
σ =↑, ↓ in the state |fα〉; τ is the Pauli matrix.
The remarkable feature is that there exists a large over-
lap between the wave funtions fα(x) and fβ(x), α 6= β,
sine the state |fα〉 is an ensemble of sites as in (2.3)
and idential sites are inluded in |fα〉 and |fβ〉. Conse-
quently, the dominant ontributions ome from the on-
site Coulomb terms not only for the Coulomb energy
but also for the exhange energy. Indeed, it follows that
Uαβ = Jαβ in the on-site approximation. We thus obtain
Uαβ ≃ Jαβ ≃ U
∑
i
(ωαi ω
β
i )
2, (2.6)
where
U ≡
∫
d3xd3y ϕ∗i (x)ϕi(x)V (x− y)ϕ
∗
i (y)ϕi(y), (2.7)
with the Coulomb potential V (x−y). The Coulomb en-
ergy U is of the order of 1eV beause the lattie spaing of
the arbon atoms is ∼ 1Å in graphene. Coulomb blok-
ade peaks appear at µ = εα and µ = εα + Uαβ , where
new hannels open
15
. We an determine experimentally
the energy εα and Uαβ by identifying Coulomb blokade
peaks.
C. SU(N) Approximation
Sine the exhange energy Jαβ is as large as the
Coulomb energy Uαβ , the spin stiness Jαβ is quite large.
Furthermore, we have heked
15
numerially that all Jαβ
are of the same order of magnitude for any pair of α and
β, implying that the SU(N) symmetry is broken but not
so strongly in the Hamiltonian (2.4a). It is a good ap-
proximation to start with the exat SU(N) symmetry.
Then, the zero-energy setor is desribed by the Hamil-
tonian H
D
= H
S
+H
U
, with
H
S
=− J
∑
α6=β
S(α) · S(β), (2.8a)
H
U
=
(
U
2
−
J
4
)∑
α6=β
n (α)n (β) + U
∑
α
n (α) , (2.8b)
where J ≈ U . The termH
S
is known as the innite-range
Heisenberg model. We rewrite them as
H
S
=− JS2
tot
+
3
4
Jn
tot
, (2.9a)
H
U
=
(
U
2
−
J
4
)
(n2
tot
+ 1), (2.9b)
where S
tot
=
∑
α S (α) is the total spin, and ntot =∑
α n (α) is the total eletron number.
The ground states of nanodisks are half lled. We re-
strit the Hilbert spae to the half-lling setor,
n (α) = n↑ (α) + n↓ (α) = 1. (2.10)
The Hamiltonian (2.9a) is redued to the Heisenberg
model,
H
S
= −JS
tot
· S
tot
, (2.11)
where we have negleted an irrelevant onstant term,
(3/4)JN . This is exatly diagonalizable, H
S
|Ψ〉 =
Es|Ψ〉, with
Es = −Js(s+ 1), (2.12)
where s takes values from N/2 down to 1/2 or 0, depend-
ing on whether N is odd or even,
s =
N
2
,
N
2
− 1,
N
2
− 2, · · · , s ≥ 0. (2.13)
The Hilbert spae is diagonalized,
H = ⊗NH1/2 = ⊕
gN (s)Hs, (2.14)
where Hs denotes the (2s+ 1) dimensional Hilbert spae
assoiate with an irreduible representation of SU(2).
The multipliities gN (s) satises the reursion relation
oming from the spin synthesizing rule,
gN (s) = gN−1
(
s−
1
2
)
+ gN−1
(
s+
1
2
)
. (2.15)
4We solve this as
gN
(
N
2
− q
)
=NCq −NCq−1. (2.16)
The total degeneray of the energy level Es is
(2s+ 1) gN(s).
At half lling, the eigenstate of the Hamiltonian H
D
is
labeled as |Ψ〉 = |n
tot
, s,m〉, where s is the total spin and
m is its z-omponent. We refer to the total spin S
tot
of
a nanodisk as the nanodisk spin.
D. Thermodynamial Properties
We have a omplete set of the eigenenergies together
with their degeneraies. The partition funtion of the
nanodisk with size N is exatly alulable,
Z
S
=
∑
s
(2s+ 1) gN (s)e
−βEs
=
N/2∑
q=0
(N − 2q + 1) (NCq −N Cq−1)
× exp
[
βJ
(
N
2
− q
)(
N
2
− q + 1
)]
. (2.17)
Aording to the standard proedure we an evaluate the
spei heat C(T ), the entropy S(T ), the magnetization〈
S2
tot
〉
and the suseptibility χ = 1k
B
T
(〈
S2
tot
〉
− 〈S
tot
〉
2
)
from this partition funtion, where
Sg =
√
N
2
(
N
2
+ 1
)
(2.18)
is the ground-state value of the total spin. The entropy
is given by
S (0) = k
B
log(N + 1) (2.19)
at zero temperature. We display them in Fig.4 for size
N = 1, 2, 22, · · · 210.
There appear singularities in thermodynamial quan-
tities as N → ∞, whih represent a phase transition at
Tc between the ferromagnet and paramagnet states,
Tc =
JN
2k
B
. (2.20)
For nite N , there are steep hanges around Tc, though
they are not singularities. It is not a phase transi-
tion. However, it would be reasonable to all it a
quasi-phase transition between the quasi-ferromagnet
and quasi-paramagnet states. Suh a quasi-phase transi-
tion is manifest even in nite systems with N = 100 ∼
1000.
The spei heat and the magnetization take nonzero-
values for T > Tc [Fig.4(a),()℄, whih is zero in the limit
FIG. 4: Thermodynamial properties of the nanodisk-spin
system. (a) The spei heat C in unit of k
B
N . (b) The
entropy S in unit of k
B
N log 2. () The magnetization
˙
S2
tot
¸
in unit of S2g . (d) The suseptibility χ in unit of Sg . The
size is N = 1, 2, 22, · · · 210. The horizontal axis stands for the
temperature T in unit of JN/k
B
. The arrow represents the
phase transition point Tc in the limit N →∞.
FIG. 5: The nanodisk-lead system. The nanodisk with N = 7
is onneted to the right and left leads by tunneling oupling
t
R
and t
L
.
N → ∞. The entropy for T > Tc is lower than that
of the paramagnet [Fig.4(b)℄. These results indiate the
existene of some orrelations in the quasi-paramagnet
state. The maximum value of the suseptibility inreases
linearly as N beomes large. It is an indiator of the
quasi-phase transition.
III. MANY-SPIN KONDO EFFECTS
We proeed to investigate how thermodynamial prop-
erties of the nanodisk is aeted by the attahment of
the leads. The nanodisk is no longer in the half-lled
state, when harges transfer between the nanodisk and
the leads. However, the nanodisk remains to be half
lled, when a harge transfers from the lead to the nan-
odisk and then transfers bak from the nanodisk to the
lead. Suh a proess is the seond order eet in the
tunneling oupling onstant t˜. We now show that it is
desribed by the many-spin Kondo Hamiltonian.
5A. Nanodisk-Lead System
We analyze a system made of a nanodisk onneted to
two leads [Fig.5℄. The model Hamiltonian is given by
H = H
S
+H
U
+H
L
+H
TL
+H
TR
. (3.1)
Here, H
L
is the lead Hamiltonian,
H
L
=
∑
kσ
ε (k) (cL†kσc
L
kσ + c
R†
kσc
R
kσ), (3.2)
desribing a noninterating eletron gas in the leads with
the dispersion relation ε (k), where cχkσ is the annihilation
operator of eletron with the wave number k and the
spin σ in the left (χ =L) or right (χ =R) lead. On the
other hand, H
TL
and H
TR
are the transfer Hamiltonians
between the left (L) and right (R) leads and the nanodisk,
respetively,
H
TL
=t
L
∑
kσ
∑
α
[cL†kσdσ(α) + d
†
σ(α)c
L
kσ ], (3.3a)
H
TR
=t
R
∑
kσ
∑
α
[cR†kσdσ(α) + d
†
σ(α)c
R
kσ ], (3.3b)
with tχ the tunneling oupling onstant. We have as-
sumed that the spin does not ip in the tunneling pro-
ess.
The nanodisk-lead system looks similar to that of the
N -dot system.19 However, there exists a ruial dier-
ene. On one hand, in the ordinary N -dot system, an
eletron hops from one dot to another dot. On the other
hand, in our nanodisk system, the index α of the Hamil-
tonian runs over the N -fold degenerate states and not
over the sites. Aording to the Hamiltonian (3.3), an
eletron does not hop from one state to another state.
Hene, it is more appropriate to regard our nanodisk as
a one-dot system with an internal degree of freedom.
It is onvenient to make the transformation(
cekσ
cokσ
)
=
1
t˜
(
t∗
L
t∗
R
−t
R
t
L
)(
cLkσ
cRkσ
)
(3.4)
with
t˜ =
√
|tL|
2
+ |tR|
2
, (3.5)
so that the right and left leads are ombined into the
"even" and "odd" leads. The lead Hamiltonian H
L
is
invariant under above transformation,
H
L
=
∑
kσ
ε (k)
(
ce†kσc
e
kσ + c
o†
kσc
o
kσ
)
, (3.6)
but the transfer Hamiltonian is onsiderably simplied,
H
T
= t˜
∑
kσ
∑
α
(
ce†kσdσ(α) + d
†
σ(α)c
e
kσ
)
. (3.7)
It looks as if the tunneling ours only between the
"even" lead and the nanodisk. Namely, we may neglet
the "odd" lead term in the lead Hamiltonian (3.6).
B. Many-Spin Kondo Hamiltonian
The total Hamiltonian is H = H
S
+ H
U
+ H
L
+ H
T
.
We analyze the Hamiltonian H = H0 + HT, by taking
H0 = HU + HL as the unperturbed term and HT as
the perturbation term. We make a anonial transfor-
mation known as the Shrieer-Wol transformation
20
,
H → H˜ = eiGHe−iG, with G the generator satisfying
H
T
+
i
2
[G,H0] = 0. (3.8)
We may solve this ondition expliitly for the generator,
G =
1
Ni
[∑
αkσ
{
t˜
ε
d
− ε (k) + U ′αα
d†ασc
e†
kσnασ¯
+
t˜
ε (k′)− ε
d
d†ασc
e†
kσ (1− nασ¯)
}
+
∑
αkσ
∑
βσ′
{
t˜
ε
d
− ε (k) + U ′αβ
d†ασc
e†
kσnβσ′
+
t˜
ε (k′)− ε
d
d†ασc
e†
kσ (1− nβσ′)
}
− h..
]
,
(3.9)
where σ¯ =↓↑ for σ =↑↓, and
U ′αβ =
(
Uαβ −
Jαβ
2
)
, ε
d
= Uαα. (3.10)
The leading term is the seond order term, and given by
H
(2)
e
=
i
2
[G,H
T
]
=
−t˜2
2N
∑
αβkk′σ
(
1
ε
d
− ε (k) + U ′αβ
+
1
ε (k′)− ε
d
)
ce†kσc
e
k′σ
+
2t˜2
N
∑
αβkk′σσ′
(
1
ε
d
− ε (k) + U ′αβ
−
1
ε (k′)− ε
d
)
× ce†kστ σσ′c
e
k′σ′ · S (α) . (3.11)
The dominant ontribution omes from the Fermi sur-
fae, ε (k) = ε
F
. We now assume the SU(N) symmetry
U ′αβ = U
′
and the symmetri ondition ε
F
= ε
d
+ U
′
2 with
respet to the Fermi level. Then, the seond order term
beomes the many-spin Kondo Hamiltonian,
H
K
≡ H
(2)
e
= J
K
∑
kk′σσ′
ce†kστ σσ′c
e
k′σ′ · Stot, (3.12)
with the Kondo oupling onstant
J
K
= 2t˜2
(
1
ε
d
− ε
F
+ U ′
−
1
ε
F
− ε
d
)
=
8t˜2
U ′
. (3.13)
The dierene between the above many-spin Kondo
Hamiltonian and the ordinary Kondo Hamiltonian is
whether the loal spin is given by the summation over
many spins S
tot
or a single spin S. Note that S2
tot
is a
dynamial variable but S2 is not, S2 = 3/4.
6C. Kondo-Heisenberg System
We have derived the Kondo Hamiltonian from the
Coulomb and transfer terms by way of the Shrieer-
Wol transformation. The resultant system is the
Kondo-Heisenberg model, whih omprises of the Heisen-
berg Hamiltonian, the lead-eletron Hamiltonian and the
Kondo Hamiltonian,
H
e
= H
S
+H
L
+H
K
, (3.14)
where we have ignored H
U
sine it is just a onstant at
half lling. We note that the order of the Heisenberg
Hamiltonian (∼ U) is muh larger than the order of the
Kondo Hamiltonian (∼ 4t˜2/U) beause U ≫ t˜.
Our goal is the analysis of the partition funtion of the
oupled system (3.14). We dene the spinor ψ = (ce↑, c
e
↓)
t
.
The partition funtion in the Matsubara form is given by
Z = TrS
∫
DψDψ† exp
[
−
∫ β
0
dτ
∫
dx
(
ψ†∂τψ +He
)]
,
(3.15)
with H
e
the Hamiltonian density, where the lead ele-
tron's degree of freedom is integrated out by a funtional
integral, and the nanodisk spin is summed up. Sine the
Heisenberg term does not ontain lead eletrons, we an
separate it as
Z = TrS [exp (−βHS)ZK] , (3.16)
where Z
K
=
∫
DψDψ† exp [−S
K
], with
S
K
=
∫ β
0
dτ
∫
dx
(
ψ†∂τψ +HL +HK
)
. (3.17)
First, we evaluate the funtional integration Z
K
in Sub-
setion IIID. We obtain the eetive spin Hamiltonian,
where the only ative degree of freedom is the nanodisk
spin. Then, we sum up over the nanodisk spin to ob-
tain the total partition funtion Z. We do this for the
graphene lead and for the metalli lead in Subsetions
III E and III F, respetively.
D. Funtional Integration
Beause an eletron in the lead is onstrained within a
very narrow region, it is a good approximation to neglet
momentum satterings,
H
K
≃ J
K
∑
kσσ′
ce†kστσσ′c
e
kσ′ · Stot. (3.18)
The ation (3.17) is summarized as
S
K
=
∫
dω
2pi
∑
k
ψ† (k)M (k)ψ (k) , (3.19)
with
M (k) = −[iω − ε (k)] + J
K
τ · S
tot
. (3.20)
Performing the integration we nd
Z
K
= Det[M ] = exp [−βF
K
] , (3.21)
where
F
K
= −
1
2β
∑
k
ln [coshβJ
K
|S
tot
|+ coshβε (k)] . (3.22)
is the Helmholtz free energy F
K
. This formula is redued
to the well-known one for free eletrons with the disper-
sion relation ε(k) for J
K
= 0. We evaluate the momen-
tum integral for the graphene lead and for the metalli
lead, separately, in the sueeding two subsetions.
E. Zigzag Graphene Nanoribbon Leads
We onsider the system where the leads are made of
zigzag graphene nanoribbons. Owing to the at band at
the zero energy, ε (k) = 0, the result of the funtional
integration (3.22) is quite simple,
F
K
= −
1
β
ln cosh
β
2
J
K
|S
tot
| . (3.23)
The eetive Hamiltonian for the nanodisk spin is H
S
+
F
K
. The lead eet is to make the eetive spin stiness
larger and the ferromagnet more rigid.
The partition funtion (3.16) is
Z = TrS
[
exp
[
βJS2
tot
]
cosh
β
2
J
K
|S
tot
|
]
, (3.24)
as implies that the eigenstates of the total Hamiltonian
are given by JS2
tot
± 12JK |Stot|. Namely, the ground
states are split into two by the existene of the lead-
eletron spin. Aordingly, the ground state multipliity
is redued to (N + 1) /2, whih is just one half of that of
the nanodisk without leads.
The trae over the total spin is arried out in (3.24),
Z =
N/2∑
q=0
(N − 2q + 1) (NCq −N Cq−1)
× exp
[
βJ
(
N
2
− q
)(
N
2
− q + 1
)]
× cosh
[
βJ
K
2
√(
N
2
− q
)(
N
2
− q + 1
)]
. (3.25)
In Fig.6, we show the spei heat C
G
(T ), the entropy
S
G
(T ), the magnetization
〈
S2
tot
〉
and the suseptibility
χ for various size N onneted with graphene leads.
We ompare thermodynamial properties of the nan-
odisk without leads (Fig.4) and with leads (Fig.6). The
signiant feature is the appearane of a new peak in the
spei heat at T
K
= (J
K
/2J)Tc, though it disappears
for large N . We examine the internal energy E
G
(T ),
7FIG. 6: Thermodynamial properties of the nanodisk-spin
system with graphene leads. (a) The spei heat C in unit
of k
B
N . (b) The entropy S in unit of (k
B
N log 2). () The
magnetization
˙
S2
tot
¸
in unit of S2g . (d) The suseptibility
χ in unit of Sg. The size is N = 1, 2, 2
2, · · · 210. We have
set J
K
/J = 0.2. The horizontal axis stands for the temper-
ature T in unit of JN/k
B
. The arrows represents the points
orresponding to Tc and TK.
whih is found to derease around T
K
(Fig.7). Near zero
temperature it reads
E
G
(T ) ≃ −JS2g −
J
K
2
Sg + JKSge
−βJ
K
Sg . (3.26)
The rst term represents the energy stabilization due to
the ferromagneti order present in the nanodisk system
without leads, while the seond term represents the one
due to the Kondo oupling J
K
between spins in the nan-
odisk and in the leads. Furthermore, it follows that the
entropy is redued at zero temperature as
S
G
(0)− S (0) = −k
B
log 2 (3.27)
with (2.19), as implies that the ground state multipliity
FIG. 7: The internal energy E/Nk
B
for the system (a)
without leads and (b) with graphene leads, for size N =
1, 2, 4, · · · 1024. The horizontal axis stands for the tempera-
ture. (a) The energy desreases exept for N = 1 as the tem-
perature dereases, whih represents the ferromagneti order.
(b) There exists an additional energy derease around T
K
,
whih is prominent for N = 1, attributed to the Kondo eet.
The arrows represents the points orresponding to Tc and TK.
at the zero temperature is just one half of that of the sys-
tem without leads, in aord with the observation made
below (3.24). These features indiate the ourrene of
the Kondo eet due to the oupling between the spins
in the nanodisk and the leads.
F. Metalli Leads
Next we onsider the system omprised of metalli
leads with a onstant energy density,
ρ (ε) =
{
ρ, |ε| < D
0, |ε| > D
. (3.28)
We hange the momentum integration into the energy
integration in (3.22),
F
K
= −
ρ
2β
∫ D
−D
dε ln [coshβJ
K
|S
tot
|+ coshβε] . (3.29)
The integration is arried out as
F
K
=−
ρ
β
[
βDJ
K
|S
tot
| − 2D log 2
+
1
β
{
Li2
(
− eβ(D−JK|Stot |)
)
− Li2
(
− e−β(D+JK|Stot|)
)}]
, (3.30)
where Li2 [x] is the dilogarithm funtion
21
,
Li2 [x] =
∞∑
n=1
xn
n2
. (3.31)
It is easy to see that the free energy is redued to that
of the nanodisk-spin system with graphene leads in the
limit D → 0 with ρ = 1/2D.
In Fig.8, we show the spei heat C
M
(T ), the entropy
S
M
(T ), the magnetization
〈
S2
tot
〉
and the suseptibility
χ for various size N onneted with metalli leads.
The behaviors of the magnetization and the susepti-
bility are the same as those in the ase of the nanodisk-
spin system with graphene leads. On the other hand,
overall behaviors are the same with respet to the spei
heat and the entropy. In partiular, the same relation as
(3.27) holds for the entropy,
S
M
(0)− S (0) = −k
B
log 2. (3.32)
There are some new features in low temperature regime.
Using the asymptoti behaviors
21
lim
x→∞
Li2 [−x] = −
pi2
6
−
1
2
log2
1
x
,
lim
x→0
Li2 [−x] = 0, (3.33)
we obtain the free energy, the entropy, the spei heat
and the internal energy up to the terms in the order of
8FIG. 8: Thermodynamial properties of the nanodisk-spin
system with metalli leads. (a) The spei heat C in unit
of k
B
N . (b) The entropy S in unit of k
B
N log 2. () The
magnetization
˙
S2
tot
¸
in unit of S2g . (d) The suseptibility χ
in unit of Sg. The size is N = 1, 2, 2
2, · · · 210. We have set
J
K
/J = 0.2 and D = 2k
B
Tc. The horizontal axis stands for
the temperature T in unit of JN/k
B
. The arrows represents
the points orresponding to Tc and TK.
e−βD as follows,
F
K
≃ −
ρ
β
[
βDJ
K
|S
tot
| − 2D log 2 +
pi2
6β
+
β
2
(D − J
K
|S
tot
|)
2
]
,
(3.34)
S
M
(T ) ≃ k
B
log
N + 1
2
+
pi2
3
ρk2
B
T, (3.35)
C
M
(T ) ≃
pi2
3
ρk2
B
T, (3.36)
and
E
M
(T ) = E
G
(T ) + ∆E(T ). (3.37)
The spei heat C
M
(T ) is idential to the spei heat
of free eletrons in the metalli lead. The internal energy
E
M
(T ) onsists of two terms: E
G
(T ) is idential to the
energy (3.26) for the nanodisk with graphene leads, and
∆E(T ) ≃ −
ρ
2
(D − J
K
Sg)
2
+
pi2
6
ρ (k
B
T )
2
(3.38)
is the energy for the metalli lead. Here, the rst term
shows that the band width of free eletrons in the lead
(3.28) beomes narrower due to the Kondo oupling. We
may interpret that n free eletrons in the lead with
n = ρJ
K
Sg (3.39)
are onsumed to make spin-oupling with eletrons in the
nanodisk. The seond term is the thermal energy of free
eletrons in the metalli lead.
IV. SPINTRONIC DEVICES AND
APPLICATIONS
We propose some appliations of graphene nanodisk-
lead systems to spintroni devies
22
. The nanodisk-spin
system is a quasi-ferromagnet, whih is an interpolating
system between a single spin and a ferromagnet. It is
easy to ontrol a single spin by a tiny urrent but it
does not hold the spin diretion for a long time. On the
other hand, a ferromagnet is very stable, but it is hard to
ontrol the spin diretion by a tiny urrent. A nanodisk
quasi-ferromagnet has an intermediate nature: It an be
ontrolled by a relatively tiny urrent and yet holds the
spin diretion for quite a long time. Indeed, its life-time
τ
ferro
is given by
12
τ
ferro
∝ exp
[
JN2
2kT
]
, (4.1)
whih is quite long ompared to the size. The important
point is that the size is of the order of nanometer, and it
is suitable as a nanodevie.
The oupling of the nanodisk spin and the in-
jeted eletron spin
1
2ψ
†τψ is desribed by the Landau-
Lifshitz-Gelbert equation
22
,
∂n
∂t
= γB
e
× n− αn×
∂n
∂t
, (4.2)
where n = S
tot
/|S
tot
| is the normalized nanodisk spin,
γ is the gyromagneti ratio, α is the Gilbert damping
onstant (α ≈ 0.01), and B
e
is the eetive magneti
eld produed by the injeted eletron spin,
B
e
= −
U
~γ|S
tot
|
〈
ψ†τψ
〉
. (4.3)
It is proportional to the injeted urrent I in. A spin
polarized urrent rotates the nanodisk spin to the same
diretion as the urrent with the relaxation time
τ
lter
=
1 + α2
2αγ |B
e
|
∝ N. (4.4)
We use these properties to design spintroni devies.
A. Basi Components of Spintroni Devies
Spin lter: We onsider a lead-nanodisk-lead system
[Fig.5℄, where an eletron makes a tunnelling from the
left lead to the nanodisk and then to the right lead. Lead
eletrons with the same spin diretion as the nanodisk
spin an pass through the nanodisk freely. However,
those with the opposite diretion feel a large Coulomb
barrier and are bloked (Pauli blokade)
22
. As a result,
when we apply a spin-unpolarized urrent to the nan-
odisk, the outgoing urrent is spin polarized to the di-
retion of the nanodisk spin. Consequently, this system
ats as a spin lter.
9Spin memory: A nanodisk an be used as a spin mem-
ory, where the spin diretion is the information. We an
read-out the information by applying a spin-unpolarized
urrent beause the outgoing urrent from a nanodisk is
spin-polarized to the diretion of the nanodisk spin. Fur-
thermore, the diretion of the nanodisk spin itself an be
ontrolled by applying a spin-polarized urrent into the
nanodisk.
Spin amplier: A nanodisk an be used as a spin
amplier. We take the inoming urrent to be par-
tially polarized, whose average diretion is assumed to
be up, I in↑ > I
in
↓ > 0. On the other hand, the di-
retion of the nanodisk spin is arbitrary. Sine spins
in the nanodisk feel an eetive magneti eld propor-
tional to I in↑ − I
in
↓ , they are fored to align with that of
the partially-polarized-spin urrent after making damped
preession. After enough time (τ ≫ τ
lter
), all spins in
the nanodisk take the up diretion and hene the outgo-
ing urrent is the perfetly up-polarized one, Iout↑ = I
in
↑ ,
Iout↓ = 0. Consequently, the small dierene I
in
↑ − I
in
↓ is
amplied to the large urrent I in↑ . The ampliation ratio
is given by I in↑ /(I
in
↑ − I
in
↓ ), whih an be very large. This
eet is very important beause the signal of spin will
easily suer from damping by disturbing noise in leads.
By amplifying the signal we an make iruits whih are
strong against noises.
Spin rotator: We an arrange a lead so that it has the
Rashba-type interation
23
,
H
R
=
λ
~
(pxτ
y − pyτ
x) . (4.5)
Spins preess while they pass through the lead. The spin-
rotation angle is given
24
by θ = 2λm∗L/~, where m∗ is
the eletron eetive mass in the lead and L is the length
of the lead. We an ontrol θ by hanging the oupling
strength λ externally by applying an eletri eld25. In
this way we an rotate the diretion of spin urrent by
any degree θ. We all suh a lead as a spin rotator.
B. Some Spintroni Devies
Spin valve: A nanodisk an be used as a spin valve,
induing the giant magnetoresistane eet
26,27,28
. We
set up a system omposed of two nanodisks sequentially
onneted with leads [Fig.9℄. We apply external magneti
eld, and ontrol the spin diretion of the rst nanodisk
to be |θ〉 = cos θ2 |↑〉 + sin
θ
2 |↓〉, and that of the seond
nanodisk to be |0〉 = |↑〉. We injet an unpolarized-spin
urrent to the rst nanodisk. The spin of the lead be-
tween the two nanodisks is polarized into the diretion
of |θ〉. Subsequently the urrent is ltered to the up-spin
one by the seond nanodisk. The outgoing urrent from
the seond nanodisk is Iout↑ = I cos
θ
2 . We an ontrol
the magnitude of the up-polarized urrent from 0 to I by
rotating the external magneti eld. The system at as
a spin valve.
FIG. 9: Illustration of spin valve. (a) The spin valve is made
of two nanodisks with the same size, whih are onneted
with leads. (b) Applying external magneti eld, we ontrol
the spin diretion of the rst nanodisk to be |θ〉, and that of
the seond nanodisk to be |0〉 = |↑〉. The inomming urrent
is unpolarized, but the outgoing urrent is polarized, Iout↑ =
I cos θ
2
, Iout↓ = 0.
FIG. 10: Illustration of spin-eld-eet transistor. (a) It is
made of two nanodisks with the same size, whih are on-
neted with a rotator. (b) We set the spin diretion of the
two nanodisks to be up by magneti eld. The inomming
urrent is unpolarized, but the outgoing urrent is polarized
and given by Iout↑ = I cos
θ
2
, Iout↓ = 0. The up-spin urrent
is rotated by the angle θ within the entral lead asting as a
rotator.
Spin-eld-eet transistor: We again set up a system
omposed of two nanodisks sequentially onneted with
leads [Fig.10℄. We now apply the same external magneti
eld to both these nanodisks, and x their spin diretion
to be up, |0〉 = |↑〉. As an additional setting, we use a lead
ating as a spin rotator with the spin-rotation angle θ.
The outgoing urrent from the seond nanodisk is Iout↑ =
I cos θ2 . It is possible to tune the angle θ by applying
an eletri eld. Hene we an ontrol the magnitude of
the up-polarized urrent. The system ats as a spin-eld-
eet transistor
29
.
Spin diode: We set up a system omposed of two nan-
odisks sequentially onneted with leads, where two nan-
odisks have dierent sizes [Fig.11℄. The left nanodisk is
assumed to be larger than the right nanodisk. Then the
relaxation time of the left nanodisk τL
lter
is larger than
that of the right nanodisk τR
lter
, τL
lter
> τR
lter
. Seond,
we apply the same magneti eld to the two nanodisks,
but we take it so small that the nanodisk spin an be
10
FIG. 11: Illustration of spin diode. (a) It is made of two nan-
odisks with dierent size, whih are onneted with a rotator.
(b) We set initially the spin diretion of the two nanodisks to
be up by weak magneti eld. By ontrolling the bias voltage,
the urrent ows from the left lead to the right lead, or in the
opposite way. () We injet an unplolarized urrent from left
(right), whih is made up-polarized by the left (right) nan-
odisk, and then rotated by the entral lead. The spin of the
right (left) nanodisk is rotated after the relaxation time τR
lter
(τL
lter
). When the inoming urrent is an unpolarized pulse,
the harge transported by the urrent is dierent whether it
is injeted from left or right. This ats as a spin diode.
ontrolled by a polarized urrent. For deniteness we
take the diretion of the magneti eld to be up. Third,
the entral lead is taken to be a spin rotator with θ ≈ pi.
When no urrents enter the nanodisk, the diretions of
the two nanodisk spins are idential due to the tiny ex-
ternal magneti eld, whih is up. This is the "o" state
of the spin diode. When we injet an unpolarized ur-
rent to this system, the outgoing urrent is initially very
small, Iout = I cos θ ≃ 0 for ∆θ ≈ pi. However, after the
relaxation time τ
lter
, the outgoing urrent beomes large
sine the polarized urrent rotates the spin of the seond
nanodisk by the angle θ. It takes a longer time when the
nanodisk size is larger. Now, let us injet an unpolarized
pulse urrent either from left or from right. It follows
that QL→R > QR→L sine τL
lter
> τR
lter
, where QL→R
and QR→L are the harges transported by the urrent
injeted to the right and left leads, respetively. Hene
the system ats as a spin diode.
C. Spin Logi Gates
We an onstrut spin logi gates in whih the spin
diretion takes logi values; truth (false) identied with
up (down) spin, by ontrolling a spin urrent by another
spin urrent aording to the following setups.
Spin inverter (spin NOT gate): We take a spin rotator
with the rotation angle θ = pi. This rotator is used as a
spin NOT gate, by regarding up spin as "true" and down
spin as "false", beause it interhanges up spin with down
spin.
FIG. 12: (a) Illustration of spin-XNOR gate with unpolarized
urrent oming from left. The unpolarized urrent is ltered
by the left nanodisk, and only up-spin eletrons go through
the enteral lead. (b) When we apply vertial spin urrents
with parallel spin diretion, the out going urrent exist. ()
When we apply vertial spin urrents with antiparallel spin
diretion, the out going urrent does not exist.
Spin XNOR: We may onstrut a spin XNOR gate.
We set up a system omposed of two nanodisks onneted
with seven leads, three horizontal leads and four vertial
leads, as illustrated in Fig. 12. We ontrol the nanodisk
spins by vertially applied spin urrents instead of ex-
ternal magneti eld. We injet an unpolarized urrent
from the left lead to the right lead. When the spin di-
retions of the two vertial spin urrents are parallel, the
diretions of the two nanodisk spins beome parallel, and
the horizontal urrent an pass through. However, when
the spin diretions of the two vertial spin urrents are
antiparallel, the horizontal urrent annot pass through.
This system at as a spin XNOR gate by regarding up
spin as "true" and down spin as "false".
Spin XOR: We may onstrut a spin XOR gate by
hanging the entral lead to be a spin rotator with the
rotation angle ∆θ = pi. The horizontal urrent passes
through if the spin diretions of the two vertial spin
urrents are antiparallel and annot pass through if they
are parallel, as illustrated in Fig. 13.
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FIG. 13: (a) Illustration of spin-XOR gate with unpolarized
urrent oming from left. The unpolarized urrent is ltered
by the left nanodisk, and only up-spin eletrons go through
the enteral lead. The eletron spin in the entral lead ro-
tates θ = pi by the Rashba-type interation. (b) When we
apply vertial spin urrents with parallel spin diretion, the
out going urrent does not exist. () When we apply vertial
spin urrents with antiparallel spin diretion, the out going
urrent exist.
V. CONCLUSIONS
The trigonal zigzag nanodisk has a remarkable prop-
erty that it hasN -fold degenerate zero-energy states with
the SU(N) symmetry when its size is N . The SU(N)
symmetry is broken but not so strongly by the Coulomb
interations. The system is well approximated by the
innite-range Heisenberg model, where the site index
runs over these N -fold degenerate states. We may regard
it as a quasi-ferromagnet haraterized by the exhange
energy as large as the Coulomb energy. The relaxation
time is nite but quite large even if the size is very small.
In this paper we have investigated thermodynamial
properties of a nanodisk. We have found the emergene of
a quasi-phase transition between the quasi-ferromagnet
and the quasi-paramagnet as a funtion of temperature
even for samples with N ≈ 100. The transition point Tc
is signaled by a sharp peak in the spei heat and in the
suseptibility.
We have also examined how they are modied when
the external leads are attahed to the nanodisk. The lead
eets are summarized by the many-spin Kondo Hamil-
tonian. One eet is to enhane the ferromagneti or-
der. This result is important to make spintroni iruits
by onneting leads in nanodevies. It is also promi-
nent that a new peak appears in the spei heat but
not in the suseptibility for small N . The peak position
is T
K
= (J
K
/2J)Tc for the zigzag graphene nanoribbon
lead. The energy is found to derease around the peak
position, and the entropy is lowered by fator k
B
log 2 in
the zero-temperature limit, indiating the Kondo eet
due to a Kondo interation between eletrons in the lead
and the nanodisk.
We have proposed some appliations of nanodisks to
nanodevies. Being a ferromagnet, it an be used as a
spin lter. Namely, only eletrons with spin parallel to
the spin of the nanodisk an pass through it. Addition-
ally, it has a novel feature that it is not a rigid ferromag-
net. The inoming spin-polarized urrent an rotate the
nanodisk spin itself. Combining the advantages of both
these properties, we have proposed a rih variety of spin-
troni devies, suh as spin memory, spin amplier, spin
diode, spin valve and spin-eld-eet transistor. Further-
more, we have proposed some spin logi gates suh as spin
XNOR gate and XOR gate. Graphene nanodisks ould
well be basi omponents of future nanoeletroni and
spintroni devies.
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